I. Introduction
The object of this paper is to prove a new type of estimate for isogenies between elliptic curves. This has several diophantine applications (effective versions of Serre's Galois irreducibility theorem and Shafarevich's theorem, for example) which are presented in another paper [MW3] . Later articles will deal with the corresponding problems for abelian varieties of arbitrary dimension.
Right at the beginning we emphasize that we are identifying elliptic curves E with Weierstrass equations y2=4X 3_g2 x--g3.
Thus, for example, to say that E is defined over a field k means that its invariants g2 and g3 lie in k.
We will be dealing with isogenies tp between E and a second elliptic curve also defined over k. For the purpose of this paper it is not usually convenient to specify the field of definition of ~o. However, we may note that ~o is necessarily defined over a finite extension of k (see Lemma 6.1 below). Suppose E is defined over a number field k. We shall measure E somewhat crudely by the quantity
where h denotes the absolute logarithmic Weil height (see for example IWa] p. 19). We can now state our main result.
Theorem. Given a positive integer d, there exists a constant c, depending effectively on d, with the following property. Let k be a number field of degree at most d, and let E be an elliptic curve defined over k. Suppose E is isogenous to a second elliptic curve that is also defined over k. Then there is an isogeny between the two elliptic curves whose degree is at most c(w(E)) 4.
The proof will be by transcendence techniques. These were already used by D. and G. Chudnovsky [CC-1 (see also [La] ) to obtain some results of the above type. Their Corollary 2.2 (p. 2214) implies that when k is the rational field Q there is an effective bound for the degree of the isogeny. In Proposition 2.3 (p. 2214), stated without proof, they announce an explicit bound, still for k=Q.
However, it is exponential in w(E) and it depends also on the second elliptic curve.
More significantly, their Theorem 4 (p. 2215) implies that when k is real there is an effective bound for the degree of the isogeny depending only on k and E. The idea of the proof can be sketched as follows. Suppose q~ is an isogeny from the second elliptic curve E* to E. Then q~ corresponds to multiplication on the tangent spaces by some algebraic number ~ satisfying 7 f2* ___ f2
( 1.1) for the associated period lattices 12", 12. Thus for any 09* in f2* there is 09 in 12 such that 09* = 09.
( 1.2) Now the assumption that k is real enables us to choose co and 09* in (1.2) independently of the isogeny q~. Then transcendence techniques can be advantageously applied to the vanishing linear form ~09"-co. More specifically we can use Gelfond's method with two elliptic functions to obtain a new isogeny, generally of much smaller degree, between E and E*. If k is not real, the inclusion (1.1) has to be expressed in the form ~09~=mll 091+m12 092, ~ 09~ = m21 091 + m22 (-02 (1.3) for fixed basis elements COl, co2 of f2 and 09*, ~o* of f2*. Thus it is now Baker's method that we should use, as in Baker's own paper [Ba] or Wiistholz's generalization [Wfi2]; and moreover the version for simultaneous linear forms (see for example [Lo] ). In particular we need multiplicity estimates in the style of [Wii 13 or [P] . The plan of this paper is as follows. In Sect. 2 we prove an effective version of a theorem of Kolchin for products of elliptic curves. This will be required to supplement the information provided by multiplicity estimates.
Then in Sect. 3 we prepare for the transcendence argument by recording a number of analytic and algebraic estimates, mostly of a familiar kind, for a single elliptic curve.
Next, in Sects. 4 and 5 we state and prove a Proposition essentially of the same depth as the Theorem. The proof, by transcendence techniques, is divided as usual into two parts: in Sect. 4 we do the "construction", and in Sect. 5 we do the "deconstruction". The Proposition actually applies only to isogenies that are normalized in the sense that ~= 1 in (1.1), and in Sect. 6 we show how this restriction can be eliminated.
Finally in Sect. 7 we complete the proof of the Theorem. We also make some additional remarks about the proof of the Proposition in the case of complex multiplication. This is not quite covered by the arguments of the earlier
